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We present a probabilistic theory of random walks in turbid media with non-scattering regions.
It is shown that important characteristics such as diffusion constants, average step lengths, cross-
ing statistics and void spacings can be analytically predicted. The theory is validated using Monte
Carlo simulations of light transport in heterogeneous systems in the form of random sphere packings,
and good agreement is found. The role of step correlations is discussed, and differences between
unbounded and bounded systems are investigated. Our results are relevant to the optics of hetero-
geneous systems in general, and represent an important step forward in the understanding of media
with strong (fractal) heterogeneity in particular.
I. INTRODUCTION
Multiple scattering of light is ubiquitous in nature, and
a proper account of the phenomenon is essential in impor-
tant areas such as atmospheric science [1–3], biomedical
optics [4–6] and material characterization [7–10]. Despite
the abundance of situations in which scatterers are not
uniformly distributed, multiple scattering of light is of-
ten treated within the framework of radiative transfer
and diffusion theory while assuming exponentially dis-
tributed ballistic segments. At the same time, significant
efforts have also been directed towards the understand-
ing of heterogeneous systems and non-Poissonian trans-
port mechanisms [11–14]. In fact, the presence of hetero-
geneities has important implications in a wide variety of
contexts, from the optics of cloud systems [3, 15–17] to
spectroscopy of the human body [18–26], to transport in
colloids and foams [27–30]. However, since light trans-
port in such cases is intrinsically related to the specific
heterogeneity, its description in general terms remains
elusive.
Here, we present a probabilistic theory for light trans-
port in turbid media with non-scattering regions in-
side. We show that important characteristics such as
asymptotic diffusion constants, step distributions and
void crossing statistics can be analytically predicted via
simple formulas. The success of the theoretical approach
is verified by analysis of random walks in random three-
dimensional polydispersive sphere packings (the inter-
sphere volume set to be homogeneously turbid). Our
findings provide important insight on light transport in
materials with spatial heterogeneity in scatterer density,
including complex porous materials and disordered opti-
cal materials with engineered fractal heterogeneity such
as Le´vy glasses [31–36].
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II. ANALYTICAL DESCRIPTION OF HOLEY
RANDOM WALKS
Let us start to consider the general case of a ran-
dom walk in a composite media consisting of arbitrar-
ily shaped non-scattering regions embedded in a turbid
medium (a holey system), the void filling fraction being
φ (cf. Fig. 1).
FIG. 1. A holey random walk. Random walkers change direc-
tion randomly in time, but only when traveling in the turbid
medium found in between the non-scattering regions (holes).
Transport is governed by the resulting step length distribution
and step correlations in a complex manner.
We will assume that isotropic scatterers are randomly
distributed in the turbid medium, meaning that the dis-
tance between isotropic scattering events is exponentially
distributed with a scattering mean free path `s. The
scattering mean free path is related to single scattering
properties via
`s =
1
nσs
(1)
where n denotes the number density of scatterers and
σs the scattering cross section. In general, the random
step length S between two subsequent scattering events
in the composite heterogeneous medium consists of two
parts: a length Sturbid ∈ Exp(`s) inside the turbid inter-
void medium, and a length Svoid inside non-scattering
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2void(s):
S = Sturbid + Svoid. (2)
Here, it should be noted that Sturbid and Svoid are not
independent random variables. On the contrary, they are
positively correlated: a long step in the turbid medium is
more likely to be accompanied by one or several crossings
of non-scattering regions.
A. Equilibrium considerations
Assuming that the density of states is homogenous
(which in optics corresponds to a constant refractive in-
dex), random walkers at equilibrium should sample the
two constituents according to their respective volume
fraction. We then expect that a fraction φ of the average
step is located to voids, i.e.
E[Svoid] = φE[S] (3)
E[Sturbid] = (1− φ)E[S] (4)
In terms of expectations values, we have
E[S] = E[Svoid] + E[Sturbid], (5)
and using that we per definition also know that
E[Sturbid] = `s, we reach E[S] = φE[S] + `s and con-
clude that
E[S] =
`s
1− φ = `h (6)
This important result that tells us two things: the mean
step length is independent of the shape and size distri-
bution of the non-scattering regions, and it equals the
homogenized scattering mean free path `h that would
govern a system where the scatterers were randomly dis-
tributed over the full volume instead of only a volume
fraction 1 − φ (n going from n0 to n0(1 − φ) in Eq. 1).
E[S] is thus dependent only on φ, not on the sizes of the
voids. This means that the mean step will only grow with
an increase of φ, and not with the inclusion of larger and
larger voids.
B. A general remark regarding diffusion
Although the mean step is a very important quantity,
transport properties are determined by the step length
distribution as a whole. In particular, when steps can
be considered independent, the diffusion constant that
governs the macroscopic spreading of random walkers is
determined by the ratio of the first two moments of the
step distribution (when finite). This important relation
can easily be derived by considering the summation of in-
dependent d-dimensional isotropic random steps, all fol-
lowing the same (arbitrary) step length distribution. One
finds that the mean square displacement asymptotically
grows as 2dDt with a diffusion constant D given by
D =
1
2d
× v × E[S
2]
E[S]
, (7)
where S denotes the scalar length (norm) of the individ-
ual steps, and v is the walk velocity. For purely expo-
nential steps in 3D, corresponding to a homogenous dis-
tribution of scatterers, this expression reduces into the
famous relation
D =
1
3
v`t (8)
where `t is the so called transport mean free path (the
mean length of the exponential steps). It should be noted
that this relation is normally derived via the radiative
transfer equation [37, 38], not by considering summation
of random variables (but see, e.g., [39, 40] for similar
considerations). For a general holey system, with het-
erogeneous distribution of scatterers, steps are not expo-
nential distributed and the simple formula of Eq. 8 does
not hold. Interestingly, we have already shown that the
mean step length, E[S], of the holey system is indepen-
dent of the scatterer distribution. The second moment,
E[S2], will on the other hand depend on the particular
heterogeneity and scatterer density in a complex manner.
C. Sphere packings as holey systems
As indicated above, transport in a general holey system
is complicated. Beside the issue of step length distribu-
tion, step correlations may be important and must not
be forgotten. To gain insight on this complicated mat-
ter we will turn to systems where the non-scattering part
of the system have the form of a polydispersive random
sphere packing. In this and the following section, we will
present an analytical theory of transport in such systems.
In subsequent sections, this theory will be compared to
Monte Carlo simulations of random walks in sphere pack-
ing realizations.
Let ri (i = 1, . . . ,M) denote the different radii of the
involved spheres, and ni their respective number density.
A random walker traveling in this system will scatter ran-
domly in time, but only when being outside of the non-
scattering regions. When being scattered, the chance of
crossing at least one sphere in the coming step depends
on the probability that the next step is longer than the
distance to the next sphere surface (along the new walker
direction). This distance can be seen as a random vari-
able, and is here denoted ∆ps (ps as in point-sphere). If
a sphere is crossed, the probability to cross also a sec-
ond sphere before being scattered now depends on the
sphere-sphere spacing along the direction of the walker.
Also this distance is a random variable, and we denote
it ∆ss (ss as in sphere-sphere). The actual step length
distribution will be determined by the distributions of
3these random variables (of course, in combination with
the inter-sphere scattering mean free path `s). Fig. 2
illustrates the definition of these two essential distance
variables.
r¯p
u¯
∆ ps
r¯ s u¯
∆ ss
FIG. 2. From a random walk perspective, two central charac-
teristics of the sphere packing are the distribution of (i) the
distance from a random point r¯p (scattering event) along a
random direction u¯ to a sphere surface, ∆ps(r¯p, u¯), and (ii)
distance to the next sphere along a random direction when
leaving a sphere at a random point r¯s, ∆ss(r¯s, u¯). Their dis-
tributions can be assessed via statistical analysis of sphere
packings. Later, we show that the mean value of ∆ss, as
experienced by the random walker, can be analytically pre-
dicted.
The average spacing between spheres ∆ss, as experi-
enced by the random walker, can be analytically calcu-
lated from the filling fraction and the sphere distribution.
If we consider a random line drawn through the sphere
packing, it is evident that a fraction 1 − φ of it will be
drawn through the intersphere medium. Letting E[ζ] de-
note the average length of the individual chords through
the spheres, we have that
E[∆ss]
E[∆ss] + E[ζ]
= 1− φ (9)
and, similarly to Olson et al. [41], conclude that
E[∆ss] =
1− φ
φ
E[ζ]. (10)
The average chord length E[ζ] can, in turn, be calculated
from the sphere distribution. Let pi denote the proba-
bility that a random chord is made in a sphere of radius
ri. Intuitively, this probability should be proportional to
the total surface area of the sphere category, i.e.
pi =
Ai∑
j
Aj
=
ni × r2i∑
j
nj × r2j
(11)
In fact, this view is equivalent to the equilibrium argu-
ment adhered to in this article: the total path made
through the different sphere categories should equal their
fraction of the total volume. Assuming an isotropic flux
of random walkers close to the sphere surfaces (see dis-
cussion in [42]), the length of a chord through a sphere of
radius ri follows a triangular probability density function
fi(x) = x/(2r
2
i ) in 0 ≤ x ≤ 2ri. The average chord being
`i = 4ri/3 and the mean square chord being 2r
2
i . The
probability density function of a random chord ζ in the
polydispersive packing, fζ(x), is a weighted sum of the
individual chord distributions fi:
fζ(x) =
∑
i
pi × fi(x) =
∑
i:2ri>x
pi × x
2r2i
. (12)
The mean overall chord then becomes
E[ζ] =
∑
pi`i =
∑
pi × 4ri
3
, (13)
and its mean square
E[ζ2] =
∑
pi × 2r2i . (14)
D. The exponential spacing model
From statistical analysis of random sphere packings,
we generally find that E[∆ps] ≈ E[∆ss] and that distribu-
tions have near-exponential decay. We therefore propose
a model in which the actual (complicated) distributions
of ∆ps and ∆ss are modeled with a single exponentially
distributed random spacing ∆ with mean spacing ∆¯, i.e.
∆ ∈ Exp(∆¯). In fact, it has been shown that spacing
between random objects is, to a very good approxima-
tion, exponential at low filling fractions [41]. At higher
filling fractions, spacing distributions are no longer be
perfectly exponential, but rather a complicated function
of the exact structure [41, 43, 44]. But also in such cases,
we will show that the errors due to the use of a simple
exponential spacing model can be reasonably small.
Within the exponential spacing model, the probability
that an exponentially distributed step Sturbid ∈ Exp(ls)
will not take the random walker to a sphere is
P0 = P (Sturbid < ∆) =
∆¯
∆¯ + `s
. (15)
Given the memoryless property of the Poisson process
that governs scattering events, the number of crossings
naturally follows a geometric distribution. This means
that the probability to cross n spheres in between two
scattering events is
Pn = (1− P0)nP0. (16)
The average number of sphere crossings per step N is,
within this model,
E[N ] =
∑
n× Pn = 1− P0
P0
=
`s
∆¯
(17)
In order to fulfill the equilibrium condition, ∆¯ must be
chosen so that the average step samples the medium ac-
cording to volume fractions. Assuming that the number
4of sphere crossings and involved chord lengths are inde-
pendent, we should have that
E[N ]E[ζ]
E[N ]E[ζ] + `s
= φ (18)
Using Eq. 17, we then reach the conclusion that
∆¯ = E[∆ss] =
1− φ
φ
E[ζ] (19)
The exponential spacing model we have now outlined
allows us to the estimate step length distribution. In
particular, we can use it to estimate the mean squared
step E[S2]. Again, we will assume that, for each step, the
involved chord lengths are independent of the number of
sphere crossings. By splitting the outcome of S2 into
the number of crossings and summing the conditional
expectations (details in Appendix A), we find that
E[S2] = E[S2turbid] + E[S
2
void] + 2E[SturbidSvoid]
= 2`2s
+
∞∑
n=0
Pn × (nE[ζ2] + n(n− 1)E[ζ]2)
+ 2
∞∑
i=0
Pn × nE[ζ]× (n+ 1) ∆¯`s
∆¯ + `s
= 2`2h + φ`h ×
E[ζ2]
E[ζ]
(20)
E. The diffusion constant for holey system
Assuming that step correlations are negligible, and re-
membering that E[S] = `h, the expression for E[S
2]
given above (Eq. 20) allows us to write a closed form
expression for the diffusion constant that governs macro-
scopic transport. Introducing the homogenized diffusion
constant
Dh =
1
3
v`h (21)
and the ”chord-domain” diffusion constant (the diffusion
constant for a random walk with steps purely following
the chord step distribution)
Dζ =
1
6
v × E[ζ
2]
E[ζ]
(22)
we reach, via Eq. 7, the surprisingly simple relation
D = Dh + φDζ (23)
Interestingly, the diffusion constant of the heterogeneous
system is given by the homogenized diffusion constant
plus a term which is independent of the inter-void scat-
tering mean free path `s. Note also that, as expected, the
expression reduces to the homogenized diffusion constant
as φ approaches zero.
III. MONTE CARLO SIMULATIONS OF
TRANSPORT IN QUENCHED DISORDER
To illustrate the validity and importance of the the-
ory presented in earlier sections, this section will com-
pare it with Monte Carlo (MC) simulations of transport
in quenched random sphere packings. We use the term
quenched to emphasize that the random walk is done in
the quenched (frozen) heterogeneity of a random sphere
packing, and not in fully annealed disorder model. The
sphere packings used in our simulations are created by
random sequential addition of spheres [45] in descend-
ing order of size. Moreover, they are created to have
periodic boundary conditions, i.e. so that the complete
(cubic) sphere packing can act as a unit cell that can be
stacked in all directions. As illustrated in Fig. 3, random
walks are performed so that when crossing a boundary
of the unit cell, the random walk can be continue on the
opposite side of the same unit cell (while keeping track
of unit cell coordinates). The use of periodic boundary
START
END
FIG. 3. 2D illustration of unbounded holey random walks
based on a sphere packings with periodic boundary condi-
tions. When a walker leaves the sphere packing unit cell
(marked square), the walk continues on the opposite side of
the same sphere packing. The path of interest (red) is re-
constructed by keeping track of boundary crossings, but path
outside the unit cell is in reality a path inside the one and
only unit cell (blue path). The use of periodic boundary con-
ditions in this manner enables the use of realistically sized
sphere packings, efficient averaging over disorder realization
by allowing walkers to start also close to the sphere packing
boundaries, and long-time tracking of spreading. At the same
time, the size of the unit cell is made large enough to make
effects of periodicity negligible.
conditions in this manner allows us to use realistic sizes
of sphere packings, and still being able to track walkers
for long times and average dynamics over local disorder
realization in an efficient way. Still, the size of the unit
cell is made large enough to render effects of periodic-
ity negligible (sizes of utilized sphere packings are care-
fully stated). We base our investigations on equilibrium
5starting conditions, i.e. allowing walkers to start ran-
domly over the whole unit cell (including the interior of
the non-scattering regions). For step statistics, only full
steps between scattering events are considered. To be on
the optical time scale, walkers are set to travel at the
speed of v = 200 µm/ps (corresponding to a refractive
index of 1.5).
A. A monodisperse sphere packing
The first case study is a holey system based on a
monodispersive sphere packing. The non-scattering part
of the material is constituted by randomly placed spheres
of radius 50 µm, the sphere filling fraction being φ = 0.3.
Fig. 4 exemplifies the mean square displacement ob-
tained by averaging the dynamics of 5×105 random walk-
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FIG. 4. Dynamics for a holey system based on a monodisper-
sive sphere packing (r = 50 µm, φ = 0.3, `s = 200 µm and
v = 200 µm/ps). The diffusion constant extracted from anal-
ysis of the MSD evolution is in excellent agreement with the
diffusion constant predicted by our theory (Eq. 23). For this
system theory predicts a diffusion constant of 19798 µm2/ps,
and linear fit over the temporal range indicated in gray in
part (a) gave 19780 ± 34 µm2/ps (mean ± standard error of
the mean, as obtained from five simulation repetitions with
105 random walkers each). The middle graph (b) shows a
log-log plot of (a). By showing the slope of the log-log plot,
the bottom graph (c) reveals the transition from ballistic to
diffusive dynamics and verifies that the temporal range used
in our analysis falls within the asymptotic diffusive limit.
ers launched randomly in a cubic system with a side of
about 12 mm (1025017 randomly placed spheres). The
average spacing between spheres is, in this case, 155.6 µm
(as given by Eq. 10). As discussed in the figure caption,
the outcome is in excellent agreement with our theory.
The applicability of our theory is further elaborated
in Fig. 5, in which we study how the diffusion con-
stant depend on the inter-sphere scattering mean free
path `s. Interestingly, the example shows that even
0
0.5
1
1.5
2
25 50 75 100 125 150 175 200
−10
−5
0
Diffusion constant
(µm2/ps × 104)
Discrepancy (%)
Scattering mean free path, l
s
 (µm)
Dh+φ Dζ
Dh+φ Dζ
Dh
Dh
Quenched MC
(monodispersive system)
FIG. 5. The analytical theory for the diffusion constant (red
solid line, Eq. 23) is in excellent agreement with quenched
Monte Carlo simulation of transport in a monodispersive
sphere packing with r = 50 µm and φ = 0.3 (solid dots,
average of 5 repetitions of 105 walkers per level of `s). This
graph shows how D obtained from simulations exceed the
homogenized diffusion constant Dh (dashed line) exactly by
the amount φDζ , largely independent of `s. As scatter-
ing becomes stronger and stronger (reduction in `s), anti-
correlations between steps should reduce D, and deviations
from our theory is expected. The bottom graph clarifies that,
in this particular case, this effect becomes important only for
`s smaller than approximately r/2 = 25 µm (here, all five
repetitions are shown). Note that the mean spacing between
spheres is E[∆ss] ≈ 156 µm.
for cases where the average spacing between spheres,
E[∆ss], is several times larger than `s, step correla-
tions are negligible and our analytical theory is appli-
cable. Of course, when `s becomes significantly smaller
than the void size, the increase in return probabilities
should affect transport (steps become anti-correlated).
This in good agreement with the result that step corre-
lations in this monodispersive system is important only
6for `s < r/2 = 25 µm. The strong quenching regime
requires separate treatment and is beyond the scope of
this article.
B. A fractal sphere packing
Let us now turn to the more general case of a polydis-
persive sphere packing, i.e. a situation where the non-
scattering regions vary in size. We will study the limit-
ing case of a system with fractal heterogeneity (over two
orders of magnitude) and a high sphere filling fraction.
More specifically, our sphere packing is based on M = 18
sphere categories where the radii ri are sampled exponen-
tially sampled from rmin = 2.5 µm up to rmax = 200 µm,
i.e.
ri = rmin × exp
(
log
(
rmax
rmin
)
× i− 1
M − 1
)
(24)
The number density of the spheres is set proportional
to 1/r3i (i.e., the different sphere categories all occupy
the same volume fraction), and the filling fraction of the
system as a whole is φ = 0.7005 (9507676 spheres in a
cube with a side of about 2 mm).
Fig. 6 highlights the success of the exponential spacing
model also for such a complex heterogeneous system. In
particular, this means that we have good quantitative
knowledge on the step length distribution (including the
sphere crossing statistics).
Using `s = ∆¯ as a first test case, Fig. 7 shows the
onset of diffusion and the asymptotic diffusion constant.
Interestingly, the asymptotic diffusion constant is in this
case about 25% lower than what we would have if steps
were independent. With decreasing scattering strength,
the importance of step correlations steadily decrease, and
the diffusion constant becomes in good agreement with
our analytical expression D = Dh +φDζ . This behavior
is illustrated in Fig. 8, which shows simulations for `s be-
ing 1 to 8 times ∆¯. In this context, we want to emphasize
that step correlations per se do not affect the applicabil-
ity of the exponential spacing model and the accuracy
of the related E[S2] estimation (Eq. 20). Instead, they
only affect the validity of the assumption of independent
steps that leads to D = Dh + φDζ (Eq. 23).
Before ending this section, we would like to make a
brief comparison to the monodispersive system studied
in the previous section. There, we found that step anti-
correlations started to play a role only when the scat-
tering mean free path was smaller than the size of the
involved spheres. For our polydispersive system, the situ-
ation is more complicated. The average spacing between
spheres are only a few µm, and the sphere sizes range
from 5 to 400 µm. One can expect that large spheres
will give rise to strong step anti-correlations, but since the
transport between these larger spheres is a complicated
function also of the smaller spheres in-between, it is diffi-
cult to know for which `s this effect becomes important.
∆ ps
∆ ss
Exponential model
∆¯ = 5.89 µm
0
0.1
0.2
0 2 4 6 8 10
Quenched MC (l
s
=    )
E[N]=1.0007±0.0001
∆¯
0
0.5
0 1 2 3 4 5 6
Distance (µm)
Probability density
Number of sphere crossings, n
P
n
= P(N=n)
FIG. 6. The theoretical predictions of the exponential spac-
ing model is in good agreement with both quenched simu-
lations and statistical analysis of a strongly polydispersive
sphere packing. The success is here illustrated for the case of
a fractal sphere packing with M = 18 radius categories rang-
ing from rmin = 2.5 µm to rmax = 200 µm (9507676 spheres
in a cube with a side of about 2 mm, φ = 0.7005). As shown
in the top graph, the analytically predicted mean spacing of
∆¯ = 5.89 µm is in good agreement with spacing distribu-
tions obtained via statistical analysis of the sphere packing
(E[∆ps] ≈ E[∆ss] ≈ 6 µm). The bottom graph highlights
that the crossing probabilities Pn predicted by the exponen-
tial spacing model (Eq. 16) agree almost perfectly with sim-
ulations running at `s = ∆¯. In particular, setting `s = ∆¯
(as done in this simulation) clearly renders E[N ] = 1. The
mean and mean squared steps are also in good agreement
with theory. Theory predicts E[S] = `h = 19.669 µm and
E[S2] = 1776.7 µm2, and simulations gave 19.679± 0.004 µm
and 1692±1 µm2, respectively (mean ± standard error). That
the observed mean squared step is a few percent lower than
the theoretical prediction is consistent with the fact that the
exponential model slightly overestimates the number of higher
order multi-crossings (n ≥ 3). This, in turn, can be un-
derstood by looking in the upper graph and noting that the
sphere-sphere spacing distance often will be underestimated
by the exponential spacing model.
As shown in Fig. 8, step correlation is of little important
once `s is larger than, say, 4∆¯ ≈ 25 µm. As mentioned
also in the figure caption, this scattering strength gives
a mean step E[S] = `h of about 80 µm. That correla-
tions are weak can then be (partly) understood by realiz-
ing that most spheres are significantly smaller than this
mean step length (the mean chord of the system is, in
fact, not longer than E[ζ] = 13.8 µm).
70 50 100 150 200
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FIG. 7. Transport dynamics for a holey system based on a
fractal sphere packing (sphere radii ranging from 2.5 µm to
200 µm, each category occupying about 4% of the volume, the
overall sphere filling fraction being φ = 0.7005). Here, the
walker crosses on average one sphere in-between scattering
events (`s = ∆¯ = 5.89 µm). The exact E[S
2] as obtained
from simulations would, if steps were independent, result in a
diffusion constant of 2866 µm2/ps (step data presented in Fig.
6, but note that exponential spacing model in this particular
case overestimates the E[S2]/E[S] ratio by about 5%). In
contrast, a linear fit over the temporal range indicated in gray
in part (a) gives D = 2111±7 µm2/ps (mean ± standard error
of the mean, as obtained from five simulation repetitions with
105 random walkers each). That the observed D is about
25% lower is clear evidence that step correlations play an
important role.
0
0.2
0.4
0.6
0.8
1
1.2 Dh+φ Dζ
Dh
5 10 15 20 25 30 35 40 45 50
−30
−20
−10
0 Dh+φ Dζ
Dh
Diffusion constant
(µm2/ps × 104)
Discrepancy (%)
Scattering mean free path, l
s
 (µm)
Quenched MC
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FIG. 8. Also for strongly polydispersive systems, our prob-
abilitisic theory is successful. The role of step correlations
is, however, a complicated matter. In our particular frac-
tal system, where 400 µm diameter spheres are the largest
non-scattering regions, the role of correlation becomes small
when `s is a few times larger than the mean void spacing
∆¯. At `s = 4∆¯ ≈ 24 µm, the asymptotic D obtained from
MSD evolution is then only 4% lower than what the step
statistics from quenched simulations tells us. The mean step
E[S] = `h is then about 80 µm, a length which apparently is
large enough to render step anti-correlation related to cross-
ing of large spheres relatively small. Here, it should be noted
that the exponential spacing model overestimates E[S2] by a
few percent (cf. discussion in Fig. 6). The exact diffusion
constant we would see if steps were independent can be esti-
mated from the steps statistics of simulations (via Eq. 7), and
is in this graph indicated by the dashed red line. Although
the errors caused by our model (Dh + φDζ) is only a few
percent, it is still important to realize that step correlation
are negligible when the actual diffusion constants (solid dots)
meet the dashed line.
8C. Finite size fractal sphere packings: Le´vy Glass
So far, we have investigated unbounded holey systems.
In practice, one often deals with finite size system where
transport can be even more complicated to understand.
For homogenous media it is, for example, well known that
the transport in slabs deviates from diffusion when sam-
ple thickness L is less than about 10 times the transport
mean free path [46–48]. For heterogeneous systems, we
anticipate that additional complications arise when the
sizes of non-scattering regions are on the order of the sam-
ple size. This section therefore aims at discussing the re-
lation between transport in unbounded media, as treated
in previous sections, and transport in finite size media.
We will show that the theory of diffusion constants is not
directly applicable to bounded systems when the size of
heterogeneities is on the order of system dimensions.
This issue of bounded heterogeneous systems is partic-
ularly relevant to the ongoing discussion on anomalous
transport in Le´vy Glass [31–36, 49]. Le´vy Glasses are
turbid materials with strong (fractal) spatial heterogene-
ity in the density of scatterers. The heterogeneity is en-
gineered and controlled by the embedding non-scattering
regions that follow a power law size distribution into a
turbid medium. More specifically, the non-scattering re-
gions are constituted by glass spheres of sizes that are
(ideally) exponentially sampled from some smallest ra-
dius rmin to an upper radius rmax. Assuming one sphere
crossing per step and a negligible contribution from the
inter-sphere media, setting the number density of spheres
n ∼ r−(α+2) should produce a step length distribution
that fall off as `−(α+1) [49]. On scales on the order of the
maximal sphere size, as in slabs of thickness L = 2rmax,
the transport is then believed to be close to that of a
Le´vy walk. Although the probabilistic theory presented
here represents a significant contribution to the topic of
Le´vy Glass design, this falls outside the main focus of
this article. A view on this specific but important mat-
ter is, nonetheless, given in Appendix B. Here, we will
instead stick to the more general question of the relation
between transport in unbounded and bounded media.
The system studied in the previous section is, in fact,
an unbounded Le´vy Glass with α = 1. Its composition
closely resembles the Le´vy Glass systems that have been
studied experimentally [31, 35] and simulation-wise [36].
Our study has shown that step correlations play an im-
portant role for transport in the unbounded systems, and
that the resulting diffusion constant for the system was
about 2111 µm2/ps. Looking back at Fig. 7 and the
evolution of the mean square displacement (MSD), it ap-
pears that the onset of diffusion occurs surprisingly early.
The MSD starts to grow approximately linear with time
already after 2 ps. At this time, the MSD is about 0.027
mm2, meaning that the average walker displacement is
(roughly) on the order of 150 µm. From this, it may
be tempting to conclude that transport is diffusive af-
ter some 150 µm, and that the transmission through a
Le´vy Glass of thickness L = 2rmax = 400 µm indeed
will be diffusive. In fact, Groth et al. [36] have claimed
that transport through Le´vy Glass follows regular diffu-
sion. To check whether the above reasoning is adequate
or not, and to investigate the claim of Groth et al., we
have performed simulations of the transport through a
bounded version of this sphere packing.
FIG. 9. 2D projection of a simulated trajectory through a
3D Le´vy Glass slab. In this case, the random walker crossed
one of the largest spheres. To obtained average transmission
properties, walkers are injected randomly on top of the slab
(the slab consists of 9507676 spheres, the thickness being L =
2rmax +  = 402 µm, φ = 0.7005). Analysis of the sphere
packing reveals that the exponential spacing model applies
equally well as in the unbounded case, and that `s = ∆¯ =
5.89 µm indeed renders E[N ] very close to one.
Fig. 9 illustrates our simulations of transport through
bounded systems. Our conclusion from these simulations
is that transport through Le´vy Glass cannot be described
by diffusion. Along with a significant amount of ballistic
and quasi-ballistic transmission, we observe major devi-
ations from diffusion theory also in mean transmission
time and long-time decay constant (lifetime). Diffusion
theory of light transport is well established, and in the
diffusive regime it is, for example, well known [50] that
the mean transmission time t¯D follows
t¯D =
(L+ 2ze)
2
2D
(25)
and that the decay time constant τD is given by
τD =
(L+ 2ze)
2
pi2D
(26)
In the above formulas, L denotes slab thickness, and
ze =
2
3`t the so called extrapolation length. If transport
through the slab is diffusive with D = 2111 µm2/ps,
macroscopic transport should be identical to a random
walk of independent and exponential distributed steps
with average length `t = 3D/v ≈ 33 µm. We would thus
expected a mean transmission time of about t¯D = 15 ps
and a decay constant of about τD = 9 ps. In contrast,
9as shown in Fig. 10, quenched simulations result in a
mean transmission time of 17.4 ps and decay constant of
12.5 ps. In fact, the observed combination of t¯ and τ is
in fact not consistent with any diffusion constant. Fur-
thermore, the significant amount of ballistic and quasi-
ballistic light alone indicates that diffusion cannot well
capture the transport. We therefore conclude that trans-
port in Le´vy Glass is not governed by diffusion. Instead,
we found that the dynamics is well reproduced by, what
we call, a quasi-annealed simulation in which we mimic
the step distribution but effectively remove step anti-
correlations. In this straight-forward simulation, being
a numerical correspondent to our probabilistic theory,
steps are generated on the basis of the exponential spac-
ing model under the requirement that when the walker is
about to a make a chord, this chord cannot be longer than
the distance to the slab boundary (see Appendix C for a
more detailed description). The step length is thus po-
sition and direction dependent, but step correlations are
heavily suppressed. Although it is out of scope of this
article to investigate this interesting result in detail, it
appears as if the presence of boundaries in the quenched
system strongly alter the role of step correlations.
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FIG. 10. Transmission dynamics for a Le´vy Glass, i.e. a
bounded fractal sphere packing (slab thickness L = 402 µm,
maximal sphere diameter 400 µm). Important characteristics
such as mean transmission time t¯ and decay constant τ show
that the dynamics is not consistent with diffusion (see main
text). This conclusion is also supported by the significant
amount of quasi-ballistic transmission (truly ballistic compo-
nent at tb = L/v is not part of the shown distribution). The
dynamics is instead well reproduced by a quasi-annealed sim-
ulation based on the exponential spacing model. This mutual
agreement indicates that step correlations play a less impor-
tant role here than in the unbounded case. Statistics are
based on 3 and 10 repetitions of 106 walkers for the quenched
and quasi-annealed simulations, respectively (mean times and
decay constant are stated in the graph as the mean ± stan-
dard error). The transmission were in both cases about 12%,
while the the ballistic fraction of the transmission was 0.6%
and 0.15% (higher in the quenched case).
IV. CONCLUSIONS
We have presented a probabilistic theory for transport
in systems with quenched heterogeneous distribution of
scatterers. The focus lied on random systems, and via a
simple model of the quenched disorder we have been able
to derive analytical expressions for, notably, the mean
step, the mean squared step, the diffusion constant and
void crossing probabilities. Here we repeat two key re-
sults. First, we have shown that the mean step is given
by (Eq. 5)
E[S] =
`s
1− φ = `h
and thus equals the homogenized (exponential) scatter-
ing mean free path `h, being dependent only of void fill-
ing fraction φ, not their size and shape. Second, for holey
systems in the form of random sphere packings we have
also shown (in the limit of weak step correlations) that
the asymptotic diffusion constant is (Eq. 23)
D =
1
3
v`h + φ× 1
6
v × E[ζ
2]
E[ζ]
In cases where step correlations are non-negligible, un-
der the reasonable assumption that steps are not posi-
tively correlated, this expression can function as an up-
per bound on the diffusion constant. All our theoretical
results are well supported by Monte Carlo simulations of
random walks in holey systems based on random sphere
packings. We have also shown that the relation between
transport in unbounded and bounded system are par-
ticularly complex when heterogeneities are on the order
the system size (especially regarding the onset of regular
diffusion and the role of step correlations).
Given the abundance of turbid materials where scat-
terers are not homogeneously distributed, we believe that
both our viewpoint and our results can be of value for a
wide range of topics – from fundamental work on light
transport to applied spectroscopy of heterogeneous me-
dia such as biological tissues, food products, and powder
compacts. In particular, viewing transport as a quenched
holey random walk may turn out to be an important
approach for work directed towards the understanding
of the optics and spectroscopy of complex porous me-
dia with broad and/or anisotropic pore size distribution,
such as pharmaceutical tablets [51, 52]. In this context,
it should be noted that generalization of our work to
systems with impedance mismatch and anisotropic het-
erogeneity should be rather straight forward. Account
for refractive index mismatch is, for example, standard in
the study of light transport [53, 54]. Finally, as discussed
earlier, a theoretical account of quenched systems with
strong step correlations is more challenging, but equally
important.
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Appendix A: Derivations for E[S2]
In this appendix, we provide a derivation of the expres-
sion for the mean squared step given in the main text.
We start by expanding the mean squared step into three
components:
E[S2] = E[S2turbid] + E[S
2
void] + 2E[SturbidSvoid] (A1)
Since E[S2turbid] = 2`
2
s per definition, the challenge is
the last two terms. As mentioned in the main text, we
will make the important assumption that the length of
the different chords involved in a step is independent on
the number of spheres crossed (this means, e.g., that we
assume that the spacing between two spheres are inde-
pendent of the sizes of these spheres). By splitting the
outcome of Svoid into cases of different number of sphere
crossings, we can calculate the two terms from the rules
of total expectation values. Starting with E[S2void], we
have
E[S2void] =
∞∑
n=0
Pn × E[S2void|N = n]
=
∞∑
n=0
Pn × E[(
n∑
i=0
ζi)
2] =
=
∞∑
n=0
Pn × (nE[ζ2] + n(n− 1)E[ζ]2)
= E[N ]E[ζ2] +
(
E[N2]− E[N ]
)
E[ζ]2
= φ`h
E[ζ2]
E[ζ]
+ 2
`2s
∆¯2
E[ζ]2 (A2)
When calculating E[SturbidSvoid], we must remember
that they are dependent variables. We can break this de-
pendence by, again, splitting into cases of different num-
ber of sphere crossings
E[SturbidSvoid] =
∞∑
i=0
Pn × E[SturbidSvoid|Ncross = n]
=
∞∑
i=0
Pn × nE[ζ]× E[Sturbid|N = n]
=
∞∑
i=0
Pn × nE[ζ]× (n+ 1) ∆¯`s
∆¯ + `s
= E[ζ]
∆¯`s
∆¯ + `s
×
(
E[N2] + E[N ]
)
= 2E[ζ]
∆¯`s
∆¯ + `s
×
(
E[N ]2 + E[N ]
)
= 2E[ζ]
∆¯`s
∆¯ + `s
×
(
`2s
∆¯2
+
`s
∆¯
)
= 2E[ζ]
∆¯`s
∆¯ + `s
× `s(`s + ∆¯)
∆¯2
= 2E[ζ]× `
2
s
∆¯
(A3)
The step to reach the third line, involving a calculation of
E[Sturbid|N = n], deserves a comment. This term tells us
the average inter-void path made given a certain number
of crossings. Having n crossings is the same as knowing
that the step was longer than a sum of n spacings, but
that the step in the could not cross the (n+1):th spacing.
This event can be written as
n∑
i=1
∆i < Sturbid < (
n∑
i=1
∆i) + ∆i+1. (A4)
Noting that the sum of the n spacing is an Erlang
distribution (sum on n independent exponential distri-
butions), we can calculate E[Sturbid|N = n] by do-
ing three-dimensional integration over the joint distribu-
tion of three random variables (the Erlang distribution,
∆n+1 ∈ Exp(∆¯) and Sturbid ∈ Exp(`s)). The conditional
expectation value is reached by integrating over the space
corresponding to the event N = n, as expressed in Eq.
A4 (note that the joint density function must be renor-
malized by the probability of the event). The result is,
in essence, the Gamma function integral. A more elegant
way to solve the problem is, however, to see the problem
as an encounter of spacings ∆i, where the memoryless
nature of the random process makes it possible to treat
each and every crossing independently. If a walker man-
ages to cross a certain spacing, the best estimate of the
spacing crossed is E[∆|Sturbid > ∆]. On the other hand,
when the walker finally does not manage to cross a spac-
ing, the step made in this last part (after the last void
crossing) is on average E[Sturbid|∆ > Sturbid]. These two
terms can be calculated by means of a two-dimensional
integral over their joint probability density function (the
symmetry of the problem makes one term follow from the
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other).
E[∆|Sturbid > ∆] =
∫∫∫
`>δ
δ × p(`, δ)d`dδ∫∫∫
`>δ
p(`, δ)`dδ
=
∆¯`s
∆¯ + `s
= E[Sturbid|∆ > Sturbid] (A5)
So, when a walker manages to cross a inter-sphere spac-
ing, that spacing is, on average, E[∆|Sturbid > ∆]. As
emphasized above, the memoryless nature of exponen-
tial distribution allows us to forget the total inter-sphere
step already made, and make the same conclusion at af-
ter each crossing. When the walker finally fails to cross a
spacing, the average step taken after the last void cross-
ing was E[Sturbid|∆ > Sturbid]. Given that there was n
crossings in total, the expected path is therefore
E[Sturbid|N = n] = n× E[∆|Sturbid > ∆]
+ E[S|∆ > Sturbid]
= (n+ 1)
∆¯`s
∆¯ + `s
(A6)
We reach the expression Eq. 20 by summing the three
contributions and reducing an appearing quadratic poly-
nomial
E[S2] = E[S2turbid] + E[S
2
void] + 2E[SturbidSvoid]
= 2`2s + φ`h
E[ζ2]
E[ζ]
+ 2
`2s
∆¯2
E[ζ]2 + 4E[ζ]× `
2
s
∆¯
= 2`2s
(
1 +
E[ζ]
∆¯
)2
+ φ`h
E[ζ2]
E[ζ]
= 2`2s
(
1 +
φ
1− φ
)2
+ φ`h
E[ζ2]
E[ζ]
= 2`2h + φ`h
E[ζ2]
E[ζ]
(A7)
Appendix B: Le´vy Glass design
When Le´vy Glass were introduced by Barthelemy et
al. [31], the scatterer concentration was selected aim-
ing at achieving, on average, one scattering event be-
tween sphere crossings (i.e. E[N ] = 1, where N states
the number of sphere crossings in a step). The design
principle was not elaborated in more detail, and exactly
how filling fraction and scattering strength affect cross-
ings statistics was not known. The inter-sphere transport
mean free path was in fact chosen to match the smallest
sphere diameter, i.e. `t = 2rmin = 5 µm. The proba-
bilistic theory presented in this work allows a selection
of the scattering strength that more strictly fulfills the
ideal Le´vy Glass design criteria. From Eq. 17, we see
that E[N ] = 1 is reached when `s = ∆¯. As can be seen
in Fig. 6, this result is confirmed by our simulations.
In this respect (using Eq. 19 to express ∆¯), the ideal
scattering strength is therefore
`ideals = ∆¯ =
1− φ
φ
× E[ζ] (B1)
Returning to the experimental work in Ref. [31], the fill-
ing fraction, as can be calculated from recipe given in the
supplemental information, was about 67%. Via calcula-
tion of the mean chord, we find that the ideal `s for the
samples used to investigate transmission scaling ranges
from 9.5 µm (L = 550 µm, L = 2rmax being the Le´vy
Glass slab thickness) to 4.2 µm (L = 50 µm). Although
the utilized scattering strength clearly is on the right or-
der of magnitude, setting `s = 2rmin is not universally
ideal. That the ideal `s varies with Le´vy Glass thick-
ness is related to the fact that thicker samples include
the use of larger spheres that fill space more efficiently
than smaller ones. If the filling fraction φ is kept con-
stant, the average sphere spacing will therefore increase
with thickness. It is thus important to realize that stud-
ies of a series of Le´vy Glass with varying L = 2ri but
with constant φ and `s comes with an inherent mismatch
with the ideal Le´vy Glass design principle. The impli-
cation this finding has on the design of scaling exper-
iments remains to be elaborated. For completeness, it
should also be noted that scattering is not fully isotropic
in the discussed experiments. The titania nanoparticles
used gives a anisotropy factor of g ≈ 0.6, meaning that
`s = (1 − g)`t 6= `t. This is an additional aspect that
should be considered in the future.
In a more recent experimental paper, Burresi et al. [35]
reported on weak localization of light (coherent backscat-
tering) in Le´vy glass. There, samples had a filling frac-
tion of about 70% and were manufactured using spheres
of sizes from rmin = 2.5 µm up to rmax = 115 µm
(L ≈ 230 µm). Our theory shows that the ideal `s
is around 6.3 µm and 3.8 µm for the studied α = 1
and α = 1.5 samples, respectively. In the article, refer-
ence experiments where scatterers were dispersed homo-
geneously rendered `t = 19 µm, indicating that the inter-
sphere scattering strength was lt = 19/(1−φ) = 5.7 µm.
The experiments done were thus in close agreement with
the ideal design principle (again, disregarding that scat-
tering was anisotropic with g = 0.6).
Finally, a recent paper by Groth, Akhmerov and
Beenakker [36] investigated transmission scaling in Le´vy
Glasses via simulations of random walks in sphere pack-
ings. There, simulations are stated to run with `s =
rmin/2 and it is said that this choice was made to ensure
that ”there is, on average, one scattering event between
leaving and entering a sphere” (i.e., to ensure E[N = 1]).
Given the findings of our present work, we believe that
this level of scattering is too strong to render E[N ] = 1
(at least for relevant filling fractions). Above, we re-
ported that experimental Le´vy Glass systems have had
a filling fraction of about 70%, and that the ideal scat-
tering mean free path always is significantly larger than
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the radius of the smallest sphere. Assuming that Groth
et al. are not studying very different systems, we believe
that using `s = rmin/2 brings them far from the ideal
situation where E[N ] = 1. However, since utilized filling
fractions were not stated, we cannot be fully quantitative.
Nonetheless, it is important to note that while setting `s
very small will take us close to the desired `−(α+1) power
law decay in the step length distribution (multi crossing
getting increasing unlikely, i.e., P (N > 1) negligible),
such a procedure will induce strong step correlations that
affect transport.
Appendix C: The quasi-annealed random walk
The proposed quasi-annealed random walk aims at
mimicking the step length distribution of the quenched
system while removing step correlations related to the
quenched disorder. After random walker initiation, and
after each scattering event, a random step Sturbid ∈
Exp(`s) to be travelled through the turbid component
is generated. The length of this step is first compared
to the distance to the boundary, ∆b, along the current
direction of propagation. If Sturbid > ∆b, the walker
leaves the sample and a transmission or reflection time
is registered. If, on the other hand, Sturbid < ∆b, Sturbid
is instead compared to a randomly generated exponen-
tial distributed distance to the ”closest virtual sphere”,
∆s ∈ Exp(∆¯) (cf. the exponential spacing model de-
scribed in Sect. II D). If Sturbid < ∆s, scattering will
take place, and the procedure will start over when a
new direction and a new step Sturbid have been gen-
erated. If Sturbid > ∆s, the walker will cross a non-
scattering region, after which the remaining part of the
step Sturbid − ∆s will be used as the new step forward
(to be compared with the updated ∆b and a new sphere
spacing). The length travelled through the void (a ran-
dom chord ζ) is generated based on the distribution of
chords predicted by equilibrium considerations, i.e. the
density function given in Eq. 12. The related cumulative
distribution functions (CDF) is
Fζ(x) = P (ζ ≤ x) = 1− P (ζ > x) (C1)
= 1−
∑
i:2ri>x
2ri∫
x
pi × x
2r2i
dx (C2)
= 1−
∑
i:2ri>x
pi ×
(
1− x
2
4r2i
)
(C3)
= 1−
∑
i:2ri>x
pi +
∑
i:2ri>x
pi × x
2
4r2i
(C4)
Solving y = Fζ(x), we find
x = F−1ζ (y) =
√√√√√√
y − 1 + ∑
i:F (2ri)>y
pi∑
i:F (2ri)>y
pi
4r2i
. (C5)
We use this inverse CDF to generate the random chord
length ζ, setting
ζ = F−1ζ (U), (C6)
where U is a random variable uniformly distributed in
[0, 1]. Note that a generated chord is only accepted if
it is smaller than the current distance to the boundary.
If a generated chord is larger than the distance to the
boundary it is discarded, and the generation is remade.
This means that long steps to some extent are under-
represented compared to the equilibrium consideration
that lies behind the chord length distribution. At this
stage, it cannot be ruled out that this has some impact on
quantities such as mean transit time and decay rate (life-
time). The role of step correlations in transport through
quenched disorder certainly deserves further attention in
the future.
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